We present a method for amplifying a single or scattered impurities immersed in a background gas of ultracold atoms so that they can be optically imaged and spatially resolved. Our approach relies on a Raman transfer between two stable atomic hyperfine states that is conditioned on the presence of an impurity atom. The amplification is based on the strong interaction among atoms excited to Rydberg states. We perform a detailed analytical study of the performance of the proposed scheme with particular emphasis on the influence of inevitable many-body effects.
We present a method for amplifying a single or scattered impurities immersed in a background gas of ultracold atoms so that they can be optically imaged and spatially resolved. Our approach relies on a Raman transfer between two stable atomic hyperfine states that is conditioned on the presence of an impurity atom. The amplification is based on the strong interaction among atoms excited to Rydberg states. We perform a detailed analytical study of the performance of the proposed scheme with particular emphasis on the influence of inevitable many-body effects.
Impurities inside interacting quantum fluids provide a variety of interesting physical effects in fields such as high-T c superconductivity or plasma physics. Recent experimental advances in creating and controlling impurities in ultracold quantum gases have demonstrated that these systems are ideally suited for studying impurity phenomena such as transport in strongly correlated 1D-Bose gases [1] , polaron physics in highly imbalanced Fermi-gas mixtures [2] , or Rydberg-excitation saturation in Bose-Einstein condensates [3] . Since detection of single (neutral) impurities in a quantum gas poses severe experimental challenges, these experiments all rely on measuring either ensemble averages or effects of the impurities on the bulk host medium. Here, we develop a novel single shot detection scheme for single impurity atoms, based on strong amplification of the detectable signal by converting the impurity into an internal state change of a large number of nearby background atoms as shown in Fig. 1a . Our scheme is applicable to any form of neutral impurity in an ultracold gas and can be implemented with standard absorption-imaging techniques available in virtually every existing experiment, e.g. one possible application is the visualization of Rydberg crystals in a Bose gas [4] .
In the experimental situation we have in mind the background gas is initially polarized with all atoms being in a stable hyperfine state |A . The average distance R b between the impurities, which can be atoms of the same species in other internal states or a different atomic species altogether, is much larger than the average distance between background atoms. As illustrated in Fig.  1b , our amplification scheme performs a conversion of background atoms from |A to a second hyperfine state |B only within a sphere of radius R c centered at the impurity. These atoms can be detected via state selective absorption imaging in a single shot and provided that R b > 2R c a discrimination of the positions of the impurities can be achieved. We show that our scheme can be directly implemented in current experiments with ultracold Rubidium gases yielding amplification factors of ∼ 10 − 100 atoms per impurity.
We start from a setting where all impurity atoms have been electronically excited to a Rydberg n S-state. Such
FIG. 1. a:
After the amplification step the atoms of the background gas have changed their internal state [from |A (green) to |B (orange)] in the vicinity of an impurity (black). State selective absorption imaging of the background gas then permits the spatial discrimination of the impurity atoms. b: Length scales. The mean distance R b between the impurity atoms is much larger than the mean interparticle distance in the uniform background gas. Atoms within a sphere with radius R c change their internal state. Background atoms located within Rc are interacting (see text for explanation).
situation can be easily achieved by a resonant π-pulse from the ground state. As an example, one can consider the case of strongly interacting Rydberg atoms in a cloud of ultracold Rubidium atoms, where the typical distance between impurities is given by the so-called Rydberg blockade radius [5, 6] which can be on the order of ten micrometers [7] [8] [9] [10] [11] . To effectuate the conditional transfer between the hyperfine states of each background atom we use the atomic levels depicted in Fig. 2a . This scheme has been thoroughly discussed in Ref. [12] in the context of a mesoscopic quantum gate. The level |P is a metastable low-lying P -state over which the hyperfine states of interest (|A and |B ) are off-resonantly coupled (detuning ∆ p , Rabi frequency Ω p ). The state |P is furthermore coupled to a Rydberg nS state |R with a laser of Rabi frequency Ω c whose frequency is chosen such that the states |A and |R are in two-photon resonance. The interaction between the Rydberg state and the impurity, denoted by V , acts as an effective detuning for the |R state. Thus the Hamiltonian of a single background atom is given by To illustrate the mechanism behind the amplifier, we consider a single impurity atom localized at the origin of the coordinate system. The interaction energy between this impurity (excited to the Rydberg state n S) and the k-th atom of the background gas located at a distance
k . Here C 6 is the van-der-Waals coefficient for the n S − nS interaction. This interaction energy together with the detuning ∆ defines a spatially varying effective detuning of the Rydberg state of the k-th background atom:
where we have defined the radius R c = (C 6 /∆) 1/6 . As we will show, this spatially dependent energy shift is the origin of the conditional transfer between the hyperfine states of the background atoms. For Ω c Ω p , which we assume throughout, the probability to excite a Rydberg state is ∼ (Ω/∆) 2 
1.
We can thus adiabatically eliminate the state |R and find that each background atom evolves effectively under the Hamiltonian H ↑↓ = − . This results in a conditional transfer between the hyperfine states as a consequence of the spatially dependent phase difference that is accumulated between the states |↑ and |↓ under the action of H ↑↓ : If the background atom is close to the impurity (R k → 0), the coupling realizes the transition |A → |B , i.e. the atoms of the background gas change their state since |↓ acquires a phase of π relative to |↑ . Far from the impurity (R k R c ) the acquired phase difference is zero and hence all atoms remain in the state |A .
While the mechanism is intuitive for a single background atom, its generalization to the many-body case is not straightforward. This is due to the fact that the atoms forming the background gas are coupled to Rydberg states during the amplification procedure which then leads to an interaction among themselves. The importance of this interaction has been impressively demonstrated in recent experiments [13] and theoretical work [14] [15] [16] [17] that investigate electromagnetic transparency in Rydberg gases. In the following we give a detailed ac- count of these many-body effects. The interaction energy between two background atoms in the Rydberg state is given by
, where R k and R m are their respective spatial positions and C 6 is the van-derWaals coefficient for the nS −nS interaction. We proceed by adiabatically eliminating all many-body states that contain one or more Rydberg excitations [18, 19] . After this elimination, we can rewrite the Hamiltonian in terms of the spin operator S (k) z that acts on the background atom located at R k and we are left with the effective Hamiltonian
This Hamiltonian is valid for atomic densities ρ that obey ρ (C 6 /∆) D/6 (Ω/∆) 2 < 1, where the two-body potential dominates the many-body interactions [20] , with D being the dimension of the system. The Hamiltonian (1) is interpreted as follows: The first term is the sum of independent atoms that undergo a rotation about the spin z-axis depending on the distance to the impurity (similar to the Hamiltonian H ↑↓ ). The second one effectuates an extra rotation about the z-axis due to the interaction between the Rydberg states of the background atoms. The third term is a spin-spin interaction. We first focus our discussion on the first two terms, and show later that the third term can be understood as a squeezing interaction.
We employ a continuum representation for the Hamiltonian (1) such that k → ρ d D R. The double sum in the second term then turns into a double integral over the spatial coordinates R 1 and R 2 . To simplify the Hamiltonian we perform a coarse graining procedure in which we describe all atoms located at distance R from the impurity in terms of a spin density S z (R), i.e.
. This is motivated by the fact that in a background gas with uniform density the interaction energy of each atom of the gas can only depend on its distance R to the impurity. We introduce the relative and center of mass coordinates r = R 1 − R 2 and R = (R 1 + R 2 )/2, respectively, integrate over the relative coordinates and average over the solid angle of the center of mass. This leads us to
and
,
k , x = R c 6 /|r| 6 and α = C 6 /C 6 . One can rewrite the previous expression as
where we have defined the radius R c = (C 6 /∆) 1/6 and where ξ D is a numerical factor that depends on the dimension D of the system: ξ 1 = 
, provided that 0 ≤ α ≤ 10.
Next we discuss the actual dynamics of the amplification procedure in the many-body picture. Initially the background gas is prepared in the state |A N , where
The time-evolution of this state can be studied for each shell of radius R independently. The mean density of |B -atoms in such a shell is given by
We are interested in the state of the background atoms after a π-pulse of duration τ π = π/ . Close to the impurity (R → 0) we find ρ B (0, τ π ) = ρ while for R R c the density is approximately where we have expanded in f 2 (D, R)τ π 1. This background of |B -atoms is caused by a mean field energy shift due to virtually excited background atoms that introduces a small phase difference between the states |↑ and |↓ . This clearly illustrates the importance of the interaction between the Rydberg states of the background atoms. This effect can be minimized by choosing either Rydberg states in which the background atoms interact weakly (small R c ), by decreasing the ratio Ω p /Ω c or by reducing the density ρ. The latter is not desirable as this reduces the amplification factor, i.e. the total number of |B -atoms produced by an impurity which is given by
where the second line is again the result of an ex- Ratio α = C6/C 6 for pairs of Rydberg S-states of Rubidium with principal quantum numbers (n, n ) that accomplish 0 < α < 1. In the inset, the value of the C6 in atomic units calculated by using second order perturbation theory as in Ref. [24] .
ume (see Fig. 1b ) only one of the background atoms can be (virtually) excited. We consider now a picture in which the space is divided into independent regions of the latter volume. This allows us to rewrite the last term of Hamiltonian (1) as a spin squeezing interaction [22] that in general affects the transfer of background atoms from |A to |B . This effect can be approximately accounted for by multiplying the factor cos
front of the cos-term in eq. (3) (see Ref. [23] ). Due to the functional form of g D (R, α), this factor is close to one near the impurity and atoms are transferred between the hyperfine states as anticipated. The effect for R R c is demonstrated in Fig. 3a which shows results obtained from numerically solving Hamiltonian (1) on a 1D background lattice gas of 20 Rubidium atoms. As predicted the background density of |B -atoms ρ B (∞, τ π ) grows with increasing ρR c . The effect of the spin-spin interaction is marginal. Fig. 3b shows that two impurities at a distance R b ∼ 10 µm can be resolved by optically imaging atoms in the state |B . The agreement with the analytical prediction is excellent.
We now present experimental parameters for the implementation of our scheme in current experiments in ultracold gases of Rubidium. In order to maximize the contrast, we need the background atoms to interact strongly with the impurity atoms and weakly among themselves, i.e. α = C 6 /C 6 < 1. Moreover, the sign of the two interactions must be positive in order to avoid unwanted resonances. This is accomplished by only a few combinations of principal quantum numbers (n, n ) as shown in Fig. 4 . To avoid loss of atoms from the intermediate |P state, the duration τ π of the Raman transfer must be shorter than the lifetime of the state (τ p ≈ 27 ns for Rubidium 5P state) divided by the probability of exciting the state (given by Ω 2 p /∆ 2 p ). This yields a lower limit for the detuning ∆ p /(2π) 50 MHz. Moreover, τ π has to be shorter than the lifetime of the Rydberg state of the impurity, typically on the order T R ≈ 100 µs. This sets a minimum value for Ω p /(2π) π(∆ p /(2π))/(2T R ), that will depend on the particular choice of the impurity state. Finally, Ω p /Ω c 1 for the Hamiltonian (1) to be valid. Taking all this into account the choice of parameters ∆ p /(2π) = 1 GHz, Ω p /(2π) ≈ 10 MHz and Ω c /(2π) ≈ 100 MHz fixes the time of the pulse to τ π ≈ 15 µs, much shorter than the lifetime of any Rydberg n -S state with n > 40. This time is also much shorter than the typical timescale of the atomic motion (milliseconds), so that we can consider the gas to be frozen [25, 26] for the duration of the transfer. The radius R c of the sphere inside which atoms are transferred to the imaging state can be tuned depending on the mean impurity distance R b and available imaging resolution. This can be done by selecting an appropriate pair of Rydberg states, to which the impurities and background atoms are excited. As an example, in typical experiments studying Rydberg-blockade effects, R b is on the order of 10 µm [4] , while imaging resolutions are ≤ 3 µm. For R c = 3 µm and atomic densities ρ ∼ 10 11 cm −3 , the number of atoms in |B around an impurity is N B ≈ 60. For the assumed imaging resolution, this corresponds to an optical depth ∼ 1 in the absorption image pixel containing the impurity, resulting in an easily observed transmission reduction of the imaging light, caused by the single impurity.
In conclusion, we have developed a novel method for spatially resolved imaging of single impurities in an ultracold gas. Our scheme provides access to direct study of impurity dynamics which can be straight-forwardly implemented in existing experiments.
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